Abstract: We construct, via usual graph theory a class of associative dialgebras as well as a class of coassociative L-coalgebras, the two classes being related by a tool from graph theory called the lineextension. As a corollary, a tiling of the n 2 -De Bruijn graph with n (geometric supports of) coassociative coalgebras is obtained. We get, via the tilling of the (3, 1)-De Bruijn graph, an example of cubical trialgebra defined by J-L Loday and M. Ronco. Other examples are obtained by letting M n (k) acts on the axioms defining such tilings. Examples of associative products which split into several associative ones are also given.
Introduction
The field k stands for the real field or the complex field. Moreover, all the vector spaces considered in this paper will have a finite or a denumerable basis. Let us recall the general setting of this article by summarising the main steps of our previous works [4, 5, 7, 6] .
Definition 1.1 [Directed graph]
A directed graph G is a quadruple [11] , (G 0 , G 1 , s, t) where G 0 and G 1 are two denumerable sets respectively called the vertex set and the arrow set. The two mappings, s, t : G 1 − → G 0 are respectively called source and terminus. A vertex v ∈ G 0 is a source (resp. a sink) if t −1 ({v}) (resp. s −1 ({v})) is empty. A graph G is said locally finite, (resp. row-finite) if t −1 ({v}) is finite (resp. s −1 ({v}) is finite). Let us fix a vertex v ∈ G 0 . Define the set F v := {a ∈ G 1 , s(a) = v}. A weight associated with the vertex v is a mapping w v : F v − → k. A directed graph equipped with a family of weights w := (w v ) v∈G0 is called a weighted directed graph.
In the sequel, directed graphs will be supposed locally finite and row finite. Let us introduce particular coalgebras named L-coalgebras 2 and explain why this notion is interesting.
Definition 1.2 [L-coalgebra]
A L-coalgebra (L, ∆,∆) over a field k is a k-vector space composed of a right part (L, ∆), where ∆ : L − → L ⊗2 , is called the right coproduct and a left part (L,∆), wherẽ ∆ : L − → L ⊗2 , is called the left coproduct such that the coassociativity breaking equation, (∆ ⊗ id)∆ = (id ⊗ ∆)∆, is verified. If ∆ =∆, the L-coalgebra is said degenerate. A L-coalgebra may have two counits, the right counit ǫ : L − → k, verifying (id ⊗ ǫ)∆ = id and the left counitǫ : L − → k, verifying (ǫ ⊗ id)∆ = id. A L-coalgebra is said coassociative if its two coproducts are coassociative. In this case the equation, (∆ ⊗ id)∆ = (id ⊗ ∆)∆, is called the entanglement equation and we will say that its right part (L, ∆) is entangled to its left part (L,∆). Denote by τ , the transposition mapping, i.e. L ⊗2 τ
− → L

⊗2
such that τ (x ⊗ y) = y ⊗ x, for all x, y ∈ L. The L-coalgebra L is said to be L-cocommutative if for all v ∈ L, (∆ − τ∆)v = 0. A L-bialgebra (with counits ǫ,ǫ), is a L-coalgebra (with counits) and an unital algebra such that its coproducts and counits are homomorphisms. A L-Hopf algebra, H, is a L-bialgebra with counits equipped with right and left antipodes S,S : H − → H, such that: m(id ⊗ S)∆ = ηǫ and m(S ⊗ id)∆ = ηǫ or m(S ⊗ id)∆ = ηǫ and m(id ⊗S)∆ = ηǫ.
Let G = (G 0 , G 1 , s, t) be a directed graph equipped with a family of weights (w v ) v∈G0 . Let us consider the free k-vector space kG 0 generated by G 0 . The set G 1 is then viewed as a subset of (kG 0 ) P v is the set {a ∈ G 1 , t(a) = v}. With these definitions the k-vector space kG 0 is a L-coalgebra called a finite Markov L-coalgebra since its coproducts ∆ M and∆ M verify the coassociativity breaking equation
This particular coalgebra is called in addition finite Markov (L-coalgebra) because for all v ∈ G 0 , the sets F v and P v are finite and the coproducts have the form
Assume we consider the Markov L-coalgebra just described and associate with each tensor product λu ⊗ v, where λ ∈ k and u, v ∈ G 0 , appearing in the definition of the coproducts, a directed arrow u λ − → v. The weighted directed graph so obtained, called the geometric support of this L-coalgebra, is up to a graph isomorphism 3 , the directed graph we start with. Therefore, general L-coalgebras generalise the notion of weighted directed graph. If (L, ∆,∆) is a L-coalgebra generated as a k-vector space by a set L 0 , then its geometric support Gr(L) is a directed graph with vertex set Gr(L) 0 = L 0 and with arrow set Gr(L) 1 , the set of tensor products u ⊗ v, with u, v ∈ L 0 , appearing in the definition of the coproducts of L. As a coassociative coalgebra is a particular L-coalgebra, we naturally construct its directed graph. We draw attention to the fact that a directed graph can be the geometric support of different L-coalgebras.
Example 1.3 The directed graph:
3 A graph isomorphism f : G − → H between two graphs G and H is a pair of bijection f0 : G0 − → H0 and f1 : G1 − → H1 such that f0(sG(a)) = sH (f1(a)) and f0(tG(a)) = tH(f1(a)) for all a ∈ G1. All the directed graphs in this formalism will be considered up to a graph isomorphism. is the geometric support associated with the degenerate L-coalgebra or coassociative coalgebra F , generated by a, b, c and d, as a k-vector space, and described by the following coproduct:
and the geometric support of the finite Markov L-coalgebra, generated by a, b, c and d, as a k-vector space, and described by the right coproduct:
be a finite Markov L-coalgebra generated as a k-vector space by a set G 0 . If the family of weights (w v ) v∈G0 , (w v ) v∈G0 used for describing right and left coproducts take values into R + and if the right counit ǫ : v → 1 exists, then the geometric support associated with (G, ∆ M ,∆ M ) is a directed graph equipped with a family of probability vectors described by (w v ) v∈G0 .
Before going on, let us interpret what represents the L-cocommutativity in the case of a finite Markov L-coalgebra. A directed graph is said bi-directed if for any arrow from a vertex v 1 to a vertex v 2 , there exists an arrow from v 2 to v 1 . To take into account the bi-orientation of a directed graph in an algebraic way, we first embed this directed graph into the finite Markov L-coalgebra described above. We then notice that a directed graph is bi-directed if and only if ∆ M = τ∆ M . Therefore, in this algebraic framework, we are naturally led to consider the L-cocommutator ker(∆−τ∆). Dualizing this formula leads to consider an (L-)algebra D equipped with two products ⊢ and ⊣, verifying (x ⊢ y) ⊣ z = x ⊢ (y ⊣ z), x, y, z ∈ D, and to consider the particular commutator Another motivation concerning associative dialgebras is the following. In a long-standing project whose ultimate aim is to study periodicity phenomena in algebraic K-theory, J-L. Loday in [8] , and J-L. Loday and M. Ronco in [10] introduce several kind of algebras, one of which is the "non-commutative Lie algebras", called Leibniz algebras. Such algebras D are described by a bracket [−, z] verifying the so called Leibniz identity:
[
When the bracket is skew-symmetric, the Leibniz identity becomes the Jacobi identity and the Leibniz algebra turns out to be a Lie algebra. A way to construct such Leibniz algebra is to start with an associative dialgebra, that is a k-vector space D equipped with two associative products, ⊢ and ⊣, such that for all x, y, z ∈ D
The associative dialgebra is then a Leibniz algebra by defining the bracket [x, y] := x ⊣ y − y ⊢ x, for all x, y ∈ D. The operad associated with associative dialgebras is then Koszul dual to the operad associated with dendriform algebras, a dendriform algebra Z being a k-vector space equipped with two binary operations, ≺ , ≻: Z ⊗ Z − → Z, satisfying the following axioms:
This notion dichotomizes the notion of associativity since the product a * b = a ≺ b + a ≻ b, for all a, b ∈ Z is associative. Otherwise stated, the associative product * splits into two operations ≺ and ≻.
The first important result of this paper is the construction, via Markov L-coalgebras, i.e. via usual graph theory of a class of L-cocommutative and coassociative codialgebras as well as a class of coassociative L-coalgebras, the two classes being related by a tool from graph theory called the line-extension. The second one is the construction of a tiling of the (n 2 , 1)-De Bruijn graph with n (geometric supports of) coassociative coalgebras. As a corollary, we obtain examples of cubical trialgebras, a notion developed by J-L Loday and M. Ronco in [10] and splittings of associative products into several associative ones.
Let us briefly introduce the organisation of the paper. In section 2, we display the notion of coassociative co-dialgebras and recall the definition of the De-Bruijn graphs. We prove that the (2, 1)-De Bruijn graph, viewed as a Markov co-dialgebra, yields, by line-extension, the geometric support of the coassociative coalgebra F , generated by say a, b, c and d, as a k-vector space, and described by the following coproduct:
Inspired by a previous work [7] , relationships between the Markovian coproduct of the (2, 1)-De Bruijn graph and the coassociative coproduct of F are also given. In section 3, we prove the existence of another structure associated with F . This structure is also a coassociative coalgebra, called by convention the left structure of F . As the two structures of F are entangled by the entanglement equation , we conclude that F is a coassociative L-coalgebra. Moreover, gluing their two associated geometric supports yields the (4, 1)-De Bruijn graph. Since the intersection of the two arrow sets of their geometric supports is empty, we assert that the (4, 1)-De Bruijn graph can be tiled by the two geometric supports of the coassociative L-coalgebra F .
The consequences of such a left structure on Sl q (2) are also explored. If F stands for Sl q (2), we notice that the usual algebraic relations of the Hopf algebra Sl q (2) do not embed this new structure into a bialgebra. However, it allows us to construct a map which verify the same axioms as an antipode map. We yield also a left structure for SU q (2).
This work ends, in section 4, by showing that the (n 2 , 1)-De Bruijn graph can also be tiled with n (geometric supports of ) coassociative coalgebras. As a consequence, we give examples of cubical trialgebras and put forward an important notion which is the achirality of a L-coalgebra. we give also Leibniz co-derivative on these directed graphs.
On the De Bruijn graph families
The description of weighted directed graphs and coassociative coalgebras can be embedded into the L-coalgebra framework. In [4] , we establish an important theorem.
Proposition 2.1 Any coassociative coalgebra (C, ∆ C ), with a group-like element can be embedded into a non degenerate L-coalgebra.
Proof: Let (C, ∆ C ) be a coassociative coalgebra. Suppose e is a group-like element, i.e. ∆ C e = e ⊗ e. Define the coassociative coproducts δ(c) := c ⊗ e andδ(c) := e ⊗ c for all c ∈ C. Define also the linear map
Let C be a bialgebra with unit e. The two new coproducts,
Starting with a Markov L-coalgebra G, we can recover a similar theorem. However, whereas in the coassociative coalgebra case, these new two coproducts map "the vertex set" C into the "arrow sets" C ⊗2 , the new coproducts,
the " paths of lenght 2" modelised by C ⊗3 . This observation suggests the necessity of studying the line-extension of directed graphs, a notion defined in the sequel.
Line-extension of directed graphs
The aim of this subsection is to show that some De Bruijn directed graphs, seen as Markov L-coalgebras are also coassociative co-dialgebras and that the line-extension of these directed graphs can be viewed as geometric supports associated with some well-known coassociative coalgebras. We start with two definitions.
Definition 2.2 [De Bruijn graph]
A (p, n) De-Bruijn sequence on the alphabet Σ = {a 1 , . . . , a p } is a sequence (s 1 , . . . , s m ) of m = p n elements s i ∈ Σ such that subsequences of length n of the form (s i , . . . , s i+n−1 ) are distinct, the addition of subscripts being done modulo m. A (p, n)-De Bruijn graph is a directed graph whose vertices correspond to all possible strings s 1 s 2 . . . s n of n symbols from Σ. There are p arcs leaving the vertex s 1 s 2 . . . s n and leading to the adjacent node s 2 s 3 . . . s n α, α ∈ Σ. Therefore the (p, 1)-De Bruijn graph is the directed graph with p vertices, complete, with a loop at each vertex.
There are obvious left and right counits,ǫ(
4 Let A be an associative algebra with unit e and f : A − → A be a linear map. The map f is said to be an Ito derivative if f (e) = 0 and f (xy) = f (x)f (y) + xf (y) + f (x)y, for all x, y ∈ A.
Definition 2.3 [Line-extension]
The line-extension of a directed graph G, with vertex set G 0 = {j 1 , . . . , j n } and arrow set
The notion of associative dialgebra, due to J-L. Loday [8] , is a notion which generalizes the notion of algebra. Associative dialgebras, via the notion of dendriform algebra 5 , are closely related to (planar binary) trees, which became an important tool in quantum field theory [3, 2] . Here, we are interested in the notion of coassociative co-dialgebra.
Definition 2.4 [Coassociative co-dialgebra of degree n] Motivated by line-extension of (geometric support of) Markov L-coalgebra, we define in [4] , (Markov) L-coalgebra of degree n, n > 0. Similarly, let ∆ n and∆ n be two n-linear mappings D ⊗n − → D ⊗n+1 , where D is a k-vector space. The k-vector space (D, ∆ n ,∆ n ) is said to be a coassociative co-dialgebra of degree n if the following axioms are verified:
1. ∆ n and∆ n are coassociative,
As in the L-coalgebra case, such a space may have a right counit ǫ n :
A coassociative co-dialgebra of degree 1 will be also called a coassociative co-dialgebra.
Proposition 2.5 A k-vector space C equipped with two coproducts δ f andδ f such that δ f (c) = c ⊗ e andδ f (c) = e ⊗ c, for all c ∈ C is a Markov coassociative codialgebra.
Proof: Straightforward since δ f (e) =δ f (e). Example of geometric support associated with an algebra k a, b, c, d ⊕ k1. 5 The operads Dias (associative dialgebra) and Dend (dendriform algebra) are dual in the operad sense, see [8] .
Theorem 2.7 Any coassociative coalgebra (C, ∆), (respectively bialgebra, Hopf algebra), can be embedded into a L-coalgebra of degree n, (respectively, L-bialgebra of degree n, L-Hopf algebra 6 of degree n), with n > 1.
Proof: Fix n > 1. Consider ∆, the coproduct of such a coassociative coalgebra C. Set: id n := id ⊗ id ⊗ . . . ⊗ id n and ∆ n := id n−1 ⊗ ∆ and∆ n := ∆ ⊗ id n−1 . The right and left coassociative coproducts ∆ n and∆ n map C ⊗n into C ⊗n+1 and the entanglement equation is realised. The right and left counits are ǫ n := id n−1 ⊗ ǫ andǫ n := ǫ ⊗ id n−1 , since for instance (id ⊗ ǫ n )∆ n = id n . If the counit and the coproduct of C are unital homomorphisms, so are the new coproducts and counits. If C is a Hopf algebra with antipode s, we embed C into a L-Hopf algebra of degree n since (id n−1 ⊗ m)(id n ⊗ s)∆ n = η n ǫ n and (m ⊗ id n−1 )(s ⊗ id n )∆ n =η nǫn .
Theorem 2.8 If n = 2, any coassociative coalgebra (C, ∆), can be viewed as a coassociative co-dialgebra of degree 2.
Proof: Straightforward by using the definition of ∆ 2 and the fact that ∆ is coassociative. ,1) ) are denoted by a ij and the arrows are denoted by ((il), (lj)). Consider the free k-vector space generated by the set E(D (n,1) ) 0 := {a ij ; i, j = 1 . . . n} and define ∆a ij = l a il ⊗ a lj , this coproduct is coassociative and the geometric support associating with the coassociative coalgebra (kE(D (n,1) ) 0 , ∆) is easily seen to be E(D (n,1) ). It has an obvious counit, a ij → 0 if i = j and a ij → 1 otherwise.
Corollary 2.11
Recall that F is generated by a, b, c and d, as a k-vector space, and described by the following coproduct:
The line-extension of the (2, 1)-De Bruijn graph can be equipped with the coassociative coproduct associated with the coalgebra F .
, is by definition a L-bialgebra of degree n, equipped with right and left counits,ǫH, ǫH of degree n, such that its antipodes S,S : H − → H verify (idn−1 ⊗ m)(idn ⊗ S)∆H = ηnǫH and (m ⊗ id)(S ⊗ idn)∆H =ηnǫH, with ηn,ηn :
Proposition 2.12 Let B be a (Markov) coassociative co-dialgebra with coproducts∆ and ∆ and C be a coassociative coalgebra with coproduct ∆ C . Then B ⊗ C is a coassociative co-dialgebra with coproduct
Proof: Straightforward.
We end this section on De-Bruijn graphs and coassociative codialgebras, by constructing another family of coassociative co-dialgebra. The idea is to give the (n, 1)-De Bruijn graph an attractor rôle. 
Relationships between the (2, 1)-De Bruijn L-coalgebra and F
Motivated by a previous work [7] , the aim of this subsection is to study the relationships between the (2, 1)-De Bruijn graph, seen as a Markov L-coalgebra and its line-extension seen as the (geometric support of the) coassociative coalgebra F . Let X, Y be two non commuting operators, we consider the non commutative algebra A = k X, Y ⊕k1, with XY = η Y X and η ∈ k\{0}. We equip A with the following Markovian coproducts
We would like to find operators which give the coassociative coproduct of F from the coassociative co-dialgebra A. For that, we define:
If we define the bilinear map · ;
Define also · ; · and per : (
the "permanent" per((z 1 , z 2 ), (z 3 , z 4 )) := z 1 z 4 + z 2 z 3 . Let us express the relations between Markovian coproducts of the (2, 1)-De Bruijn graph and the coassociative coproduct of F .
Proposition 2.14 The relations are:
We can also recover algebraic relations of Sl q (2), except the q-determinant which is equal to zero, i.e. ad − q −1 bc = 0 instead of one. For checking the algebraic relations, we contract the arrows a, b, c, d
, thanks to the usual product of A, (recall that such a product maps the arrow set A ⊗2 into the vertex set A).
Proposition 2.15 With
, and so on. By setting η 2 = q −1 , we recover the usual algebraic relations for Sl q (2), except the q-determinant which is equal to 0.
The left part of F
The aim of this section is to prove that there exists a coassociative coalgebra (F ,∆) entangled to the usual coassociative coalgebra (F , ∆), i.e. to prove that (F , ∆,∆) is a coassociative L-coalgebra. By convention, we call (F ,∆), the left part of (F , ∆,∆). Its associated geometric support is: This structure can be obtained, for instance, by inverting the map ·, · and the map per in the equations defining the usual coproduct ∆ of F obtained from the (2, 1)-De Bruijn graph in proposition 2.14. The relations for the new coproduct∆ are,
, we defined a matrix product U⊗W , where U, W are two matrices and (U⊗W ) ij :=
the operation, , meaning here the permutation of the two columns, the definition of the two coproducts can be recovered. Indeed, (U⊗U ) ij := k U ik ⊗ U kj := ∆U ij yields the right coproduct and the left coproduct∆ can be recovered by computing Ũ⊗Ũ .
Remark: The linear mapǫ : F − → k, such that:
is a counit map for∆, i.e. (ǫ ⊗ id)∆ = (id ⊗ǫ)∆ = id.
Theorem 3.1 The new coproduct∆ is coassociative and verifies the entanglement equation (∆⊗id)∆ = (id ⊗ ∆)∆. Moreover the two coproducts verify also (∆ ⊗ id)∆ = (id ⊗∆)∆.
Proof: The coassociativity is straightforward. The proof of the two equations is also straightforward by using the matrix product defined above.
Remark: The axioms of coassociative co-dialgebras are not satisfied. Remark: In the theorem 3.1, the entanglement equation is verified, even by inverting the rôle of the left and right coproducts. We say that (F , ∆,∆) is an achiral L-coalgebra, since the left and right parts are entangled by the entanglement equation which do not differentiate them. To the contrary, for instance, observe that the two coproducts δ f andδ f associated with an unital associative algebra, embed the algebra into a chiral L-bialgebra, see also [5] . The intersection of the arrow sets of these two graphs is empty.
The (4, 1)-De Bruijn graph is tiled with two (geometric supports of) entangled coassociative coalgebras, the entanglement being achiral. 
Consequences
An example of chiral L-bialgebra
Consider the algebra generated by x, p and g such that pg = gp, xg = ηgx, xp = µpx, with η, µ two scalars different from zero. Define the (left) part by:∆x = x ⊗ p + g ⊗ x,∆p = p ⊗ p,∆g = g ⊗ g with counitǫ: x → 0 and p, g → 1. Define the (right) part by: ∆x = x ⊗ x, ∆p = p ⊗ x, ∆g = g ⊗ x. Proof: Tedious but straightforward by noticing that it is a consequence of the previous subsection on the left part of F , by setting formally b = 0. For instance, we check the entanglement equation on x. We
For the homomorphism property, we get for instance ∆xg = ∆x · ∆g = xg ⊗ xx and ∆gx = ∆g · ∆x = gx ⊗ xx, thus ∆xg = η∆gx and so forth.
Consequences for
Moreover, the mapS can be extended to an unital algebra map. As 1, a, d and bc are fixed points ofS, the q-determinant of the matrix U is invariant by applyingS.
Proof: Let us check the antipode property. For that, multiplyŨ by the following matrix
which is the matrix obtained fromŨ by the left antipodeS. We compute
This matrix must be equal to:ǫ
which is the case since we know that da = 1 + qbc. We obtain the same result if we consider S (Ũ )Ũ . The extension of the definition ofS to a homomorphism is straightforward.
Remark: The algebraic relations of Sl q (2) do not embed its left part into a bialgebra. This fact will be a motivation for introducing coassociative manifolds in [5] .
The left part of SU q (2)
A consequence of what was done for the coassociative coalgebra F is the existence of a left part for the Hopf algebra SU q (2). We recall that SU q (2) is an * -algebra with two generators, a and c such that ac = qca, ac * = qc * a, cc * = c * c, a * a + c * c = 1, aa * + q 2 cc * = 1, with q a real different from 0. The coproduct is given by ∆ 1 a = a ⊗ a − qc * ⊗ c and ∆ 1 c = c ⊗ a + a * ⊗ c and the counit is ǫ 1 (a) = 1 and
Proposition 3.7 There exists a coassociative coalgebra which is achiral entangled to the usual coassociative coalgebra part of SU q (2).
Proof: Define the (left) coproduct∆ 1 by the * -linear map a →∆ 1 a := c * ⊗ a + a ⊗ c and c →∆ 1 c :=
This coproduct is coassociative. Moreover, we have (
, and so forth. The * -linear mapǫ 1 is defined by c → 1 and a → 0 is the (left) counit.
Remark:
The usual algebraic relations of SU q (2) do not embed the new coproduct and the new counit into homomorphisms.
Splitting the coassociative coproducts and achiral L-coalgebras
The example of dendriform algebras 7 shows that there exists associative algebras whose associative product can split into two (a priori non associative) products. In the case of achiral L-coalgebras, we have also a splitting of a coassociative coproduct into two coassociative ones. Let us see how it works.
Recall that an achiral L-coalgebra (L, ∆,∆) has two coproducts ∆ and∆ which verify the axioms:
1. ∆ and∆ are coassociative.
(∆
i.e. the axioms are globally invariant by the permutation ∆ ↔∆. Proof: Straightforward.
4 Tiling the (n 2 , 1)-De Bruijn co-dialgebra with n coassociative coalgebras
We can generalize the previous procedure to any coassociative coalgebras whose geometric supports are obtained by line-extension of the (n, 1)-De Bruijn graphs viewed as geometric supports of Markov codialgebras. Fix n > 1, the number of vertices of the (n, 1)-De Bruijn graph, denoted by U i , i = 1, . . . n. We have seen in proposition 2.10 that the line-extension of such a graph yields a geometric support of a coassociative coalgebra whose coproduct is denoted by ∆. The coproduct was recovered by computing (U⊗U ), where U ij is the vertex associated with the arrow going from the vertex U i to U j in the (n, 1)-De Bruijn graph. Denote by p, the shift which maps j into j + 1 mod n, for all j = 1, . . . , n . Let α be an integer equal to 0, . . . , n−1. We denote by P α (U ), (resp. P −α (U )), the matrix obtained from U by letting the shift p α , (resp. p −α ) acts on the columns of U , i.e. P α (U ) ij := U ip α (j) and P −α (U ) ij := U ip −α (j) .
Lemma 4.1 Let A, B be two n by n matrices and α be an integer equal to 0, . . . , n − 1. We get P α (AB) = AP α (B) and P −α (AB) = AP −α (B). Therefore, we obtain,
) ij , which proved the first equality. The sequel is now straightforward.
Remark: This lemma is also valid by replacing the usual product by⊗.
7 See the introduction or [8] .
Definition 4.2 [Coproducts] As P 0 = id, we rename the usual coproduct ∆ by ∆ [0] . Its explicit definition, as we have seen, is closely related to the matrix U . We define also the coproducts Proof: We define for two matrices A, B the following product A * α B = (P α (P α (A)⊗P −α (B)). From the straightforward equality A * α (B * α C) = (A * α B) * α C, we obtain in the case where A = B = C = U , the coassociativity equation
To prove that two coproducts obey the entanglement equation, we have to show that (
, which is also straightforward.
Remark:
We have showed that in the case of a coassociative coalgebra obtained by line-extension of the (n, 1)-De Bruijn graphs, we can construct others coassociative coalgebras whose coproducts verify the entanglement equation. Precisely, the coassociative coalgebras (F n , ∆ [α] ) and (F n , ∆ [β] ), 0 ≤ α, β ≤ n−1, are entangled, the entanglement being achiral. Therefore, the k-vector space (F n ,
For i = 0, . . . n − 1, set x i the vector equal to t (0, . . . , 0, ∆ i , 0, . . . , 0) and fix Z ∈ M n (k), a n by n matrix.
Remark: Observe that this theorem allow us to produce splittings of associative laws into associative ones.
Remark: Applying this proposition to the tiling of the (3, 1)-De Bruijn graph gives examples of cubical cotrialgebras, i.e. a coalgebra equipped with 3 coproducts ∆ i , i = 0, 1, 2, such that:
The notion of cubical trialgebra is defined in [10] . We recover easily cubical trialgebras from cubical cotrialgebras by considering the convolution products. The operad T ricub on one generator associated with cubical trialgebra is Koszul and self-dual. The operad associated with the so-called hypercube n-algebra, i.e. a k-vector space equipped with n products verifying:
(x • i y) • j z = x • i (y • j z), x, y, z ∈ A, i, j = 0, . . . , n − 1, 8 In [5] , such algebraic objects will be called coassociative manifolds. As (F , ∆,∆) is a L-coalgebra, we yield also a coderivationD for (F ,∆). DefineD = D. A straightforward computation shows that D is also a coderivation with respect to the coproduct∆.
Conclusion
The first main result obtained in this paper is the possibility to construct from directed graphs, families of L-cocommutative coassociative co-dialgebras and therefore, via convolution products families of associative dialgebras. The second main result is the possibility to recover from the line-extension of the geometric supports of these coassociative co-dialgebras, known coassociative coalgebras and in the case of the (n 2 , 1)-De Bruijn graphs, n > 0, to obtain a tiling of these Markovian objects by n (geometric supports of) coassociative coalgebras. An important notion, called the achirality has been put forward. We have shown that actions of M n (k) on the coproducts defining the tiling of the (n 2 , 1)-De Bruijn graph let globally invariant the relations between them. We gave consequences of such tilings and found examples of cubical trialgebras and more generally, examples of hypercube n-algebras. In addition, this allowed us to construct associative laws which split into several associative ones.
This paper has been pursued in [5] . In [5] , the notion of codipterous coalgebras and pre-dendriform coalgebras 10 are established. These spaces constructed from coassociative coalgebra theory extend the notions developed so far and are the elementary boxes of coassociative manifolds. Via these notions, we construct Poisson algebras, dendriform algebras, associative dialgebras (which are not Markovian), associative trialgebras [10] . Notably, the tilings constructed so far will yield examples of coassociative manifolds [5] .
